Abstract. In this paper we find necessary and sufficient conditions for weak amenability of the convolution Banach algebras A(K) and L 2 (K) for a compact hypergroup K, together with their applications to convolution Banach algebras L p (K) (2 ≤ p < ∞). It will further be shown that the convolution Banach algebra A(G) for a compact group G is weakly amenable if and only if G has a closed abelian subgroup of finite index.
Introduction
Vrem ( [9] ) gave a definition of A(K) for a compact hypergroup K and prove that A(K) is a Banach algebra with convolution product. This Banach algebra plays a key role throughout the paper.
The organization of this paper is as follows. The preliminaries and notations are given in Section 1. In Section 2 we state and prove a number of basic results on weak amenability of general Banach algebras which are needed for the rest of the paper. As an application we prove that for every compact abelian hypergroup K, the convolution Banach algebras L p (K) (1 ≤ p < ∞), and C(K) are weakly amenable. In Section 3 we show that the convolution Banach algebra A(K) is weakly amenable if and only if sup π∈ b K k π (d π − 1) < ∞ (d π is the dimension of representation π, and k π is the constant defined by k π = c −1 π , where c π = K | π(x)ξ, ξ | 2 dω K (x) for some ξ in the representation space H π of π with ξ = 1, see the proof of Theorem 2.2 of [9] ). Also we prove that the convolution Banach algebra L 2 (K) is weakly amenable if and only if the set {π ∈ K : dim π 1} is finite. As a result it will further be shown that the convolution Banach algebra A(G) for a compact group G is weakly amenable if and only if G is almost abelian (i.e., G has a closed abelian subgroup of finite index). Furthermore, we prove that if K is a compact hypergroup such that x * y is a finite set for every x, y ∈ K, then the convolution Banach algebras L p (K) (2 ≤ p < ∞) are weakly amenable if and only if K is finite or abelian. An application of these results has enabled us to prove that if K is an infinite non-abelian compact hypergroup such that x * y is a finite set for every x, y ∈ K, then the set {π ∈ K : dim π 1} is infinite.
Preliminaries
For a Banach algebra A, an A-bimodule will always refer to a Banach Abimodule X, that is a Banach space which is algebraically an A-bimodule, and for which there is a constant 1 (A, A * ) = 0. Let H be a n-dimensional Hilbert space and B(H) be the space of all linear operators on H. Clearly we can identify B(H) with M n (C) (the space of all n× n-matrices on C). For E ∈ B(H), let (λ 1 , . . . , λ n ) be the sequence of eigenvalues of the operator |E|, written in any order. Define E ϕ ∞ = max 1≤i≤n |λ i |, and
For more details see Definition D.37 and Theorem D.40 of [4] .
Throughout this paper K is a (measured) locally compact hypergroup with involution x →x and the identity e as defined by Jewett ([5] ). By the term measured we mean that K admits a left Haar measure ω K . Let M (K) be the space of all bounded regular Borel measures on K.
. For x, y ∈ K define x * y as the set supp(ε x * ε y ). For Borel functions f and g, at least one of which is σ-finite, define the convolution
Let K be a compact hypergroup. By Theorem 1.3.28 of [1] , K admits a left Haar measure. Throughout the present paper we use the normalized Haar measure ω K on the compact hypergroup K (i.e., ω K (K) = 1). If π ∈ K (where K is the set of equivalence classes of continuous irreducible representations of K, c.f. [1] , 11.3 of [5] , and [9] ), then by Theorem 2.2 of [9] , π is finite dimensional. Furthermore by the proof of Theorem 2.2 of [9] , there exists a constant c π such that for each ξ ∈ H π with ξ = 1
scaler multiplication, addition, multiplication, and the adjoint of an element are defined coordinate-wise. Let E = (E π ) be an element of E( K). We define
is defined as the set of all E ∈ E( K) for which E p < ∞. By Theorems 28.25, 28.27, and 28.32(v) of [4] , the spaces (
is defined the set of all finite complex linear combinations of functions of the form
say f has an absolutely convergent Fourier series. The set of all functions with absolutely convergent Fourier series is denoted by A(K) and called the Fourier space of K.
For f ∈ A(K) we define f ϕ1 = f 1 . By Proposition 4.2 of [9] , A(K) with the convolution product is a Banach algebra and isometrically isomorphic with
However, A(K) may not form a Banach algebra under point-wise product (see Example 4.12 of [9] ).
General results
Our starting point of this section is the following proposition.
Proposition 2.1. Let A be a Banach algebra. If there exists a family
On the other hand since X is a symmetric A α -bimodule, so for each a α ∈ A α and for each γ, ad
But a ∈ A and > 0 are arbitrary, so D = 0. It follows that Z 1 (A, X) = 0. 
Proof. By Lemma 2.12 of [9] , there is a net (e α ) in T + (K) such that e α 1 = 1, and (e α ) is a left approximate identity for (L 1 (K), * ). Therefore e α −→ ε e in the weak* topology (or with the notations of [1] , τ w − lim α e α = ε e ). So by Lemma 1.4.6(ii) of [1] , for each 1
By Theorem 2.13 of [9] ,
Lemma 2.4. Let K be a compact hypergroup and A be any of convolution Banach algebras
L p (K) (1 ≤ p < ∞), A
(K), and C(K). Then there exists a family
Clearly T F (K) is a finite dimensional subalgebra of E( K), and is Banach algebraically isomorphic with
Hence by Exercise 4.1.3 of [7] , 
Weak amenability of certain convolution Banach algebras on compact hypergroups
The following proposition which is interesting in its own right, is needed in the sequel.
and E ϕq ≤ n D . If n = 1, we can take E = 0.
Proof. For each 1 ≤ i, j ≤ n, let E ij be the elementary n × n-matrix defined as follows: 
If n = 1, then clearly D = 0, and so we can take E = 0. 
Lemma 3.2. Let K be a compact hypergroup. Then the mapping
Θ : E ∞ ( K) → A(K) * given by f, Θ(A) = π∈ b G k π tr f (π)A π (f ∈ A(K), A ∈ E ∞ ( K)),
is an isometrically Banach A(K)-bimodule isomorphism. In particular
Θ( f A) = f.Θ(A), Θ(A f ) = Θ(A).f (f ∈ A(K), A ∈ E ∞ ( K)).
Proof. By Proposition 4.2 of [9], the mapping F : A(K)
By Theorem 28.31 of [4] , the mapping T :
is an isometrically Banach space isomorphism. For each A, B ∈ E 1 ( K), and X ∈ E ∞ ( K), we have
B, T (X).A = AB, T (X) =
π∈ b G k π tr((AB) π X π ) = π∈ b G k π tr(X π (AB) π )) = π∈ b G k π tr((XA) π B π ) = B, T (XA) .
So T (X).A = T (XA). Similarly A.T (X) = T (AX)
. Now, since Θ = F * • T , so it is an isometrically Banach space isomorphism, and moreover
Theorem 3.3. Let K be a compact hypergroup. Then the convolution Banach algebra A(K) is weakly amenable if and only if sup
π∈ b K k π (d π − 1) < ∞.
Proof. By Lemma 3.2, the convolution Banach algebra A(K) is weakly amenable if and only if each derivation from
and so E ∈ E ∞ ( K). So if I π is the d π ×d π -identity matrix, then by Proposition 
Therefore D is well-defined and continuous. Clearly D is a derivation. We claim that D is not inner. Suppose to the contrary that D is inner. Then
Hence by Corollary 27.10 of [4] , there exists
with multiplicity d πn − 1, and |k πn − λ πn | with multiplicity 1. So
and hence
That is E / ∈ E ∞ ( K). This contradiction proves our claim. Hence the convolution Banach algebra A(K) is not weakly amenable.
Theorem 3.4. Let G be a compact group. Then the convolution Banach algebra A(G) is weakly amenable if and only if G has a closed abelian subgroup of finite index.
Proof. Since G is a compact group, so k π = d π (π ∈ G) Proof. Note that by Theorem 3.4 of [9] , the convolution Banach algebra L 2 (K) is isometrically algebra isomorphic with E 2 ( K). Now, by Theorem 34.35 of [4] , and an argument as Lemma 3.2, the mapping T :
where the product of E( K) giving the two module multiplications. It follows that the convolution Banach algebra L 2 (K) is weakly amenable if and only if each derivation from
Suppose that the set {π
With the notations of the proof of Theorem 3.3, define
Further if d π = 1, we can assume E(π) = 0. Since the set {π ∈ K : dim π 1} is finite, so E ∈ E 2 ( K). An argument as in the proof of Theorem 3.3, shows that
, and so D is inner. It follows that the convolution Banach algebra L 2 (K) is weakly amenable. Now, suppose that the set {π ∈ K : dim π 1} is infinite. Define E ∈ E( K)
Then by a method similar to the proof of Theorem 3.3, one can prove that D is a derivation. Since the set {π ∈ K : dim π 1} is infinite, so there exists a subset {π n : n ∈ N} of K such that π m = π n for m = n, and
By an argument similar to the proof of Theorem 3.3, it can be proved that for each n ∈ N, E π n ϕ2 ≥ 1 2 . Hence
and so E / ∈ E 2 ( K). It follows that D is not inner, and so the convolution Banach algebra L 2 (K) is not weakly amenable.
By a method similar to the above proposition we have the following result. Proof. Suppose K is infinite and non-abelian. There exist x, y ∈ K such that ε x * ε y = ε y * ε x . Since 2 ≤ p < ∞, so if
, and so the mapping
gives a well-defined derivation. We claim that D x is non-inner. Suppose to the contrary that
Let (e α ) be a bounded approximate identity for L 1 (K). Then with respect to the weak*-topology τ w on M (K)
Using the fact that ε x * ε y = ε y * ε x , and x * y, y * x are finite, we conclude that ε x * ε y − ε y * ε x is a non-zero discrete measure. Since K is compact and infinite, it is not discrete. Therefore ε x * ε y − ε y * ε x / ∈ L 1 (K). This contradiction shows that D x is non-inner. Now, it is easy to check that the well-known isometrical Banach space isomorphism T : 
, and so by Exercise 4.1.3 of [7] , the convolution Banach algebra L p (K) is amenable, and in particular is weakly amenable.
Corollary 3.9. Let K be a compact hypergroup such that x * y is a finite set for each x, y ∈ K. Then the set {π ∈ K : dim π 1} is finite if and only if K is finite or abelian.
Proof. Clearly if K is finite or abelian, then {π ∈ K : dim π 1} is finite.
Let K be infinite and non-abelian. Then by Proposition 3.8 the convolution Banach algebra L 2 (K) is not weakly amenable. Hence by Theorem 3.6, the set {π ∈ K : dim π 1} is infinite. 
